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Concordance Graphs
PETER FISHBURN AND BERNARD MONJARDET
A graph G = (V, E) with n ≥ 2 vertices in V is a concordance graph if it has the same number of
induced three-vertex one-edged subgraphs as induced three-vertex two-edged subgraphs. A concor-
dance graph is proper if it is the comparability graph of a partially ordered set of order dimension 1
or 2. These definitions relate to the fact that the Kendall and Spearman correlation measures between
linear orders L and L ′ are equal if and only if the comparability graph of (V, L ∩ L ′) is a proper con-
cordance graph. It is proved that G is a concordance graph if and only if (n+1)∑ dv+12t = 3∑ d2v ,
where dv is the degree of vertex v and t is the number of induced K3’s in G. This equation has been
used to identify all concordance graphs and proper concordance graphs for n ≤ 7. Infinite families of
proper concordance graphs are noted for each t in {0, 1, . . .}, and an infinite family of regular concor-
dance graphs is specified. It remains open as to whether any regular concordance graph that is neither
edgeless nor complete is also proper.
c© 2000 Academic Press
1. INTRODUCTION
Let G = (V, E) be a finite simple graph with n ≥ 2 vertices, and let α(G) and β(G) be the
numbers of induced three-vertex subgraphs of G with exactly one edge in E and exactly two
edges in E , respectively. Our purpose is to investigate the class of graphs
C = {G : α(G) = β(G)}
that equalize the numbers of one-edge and two-edge triples. We refer to members of C as
concordance graphs.
The name is motivated by the study [4] of two classic measures of concordance between
linear orders L and L ′ defined on V . The measures are Kendall’s tau, defined by
τ(L , L ′) = 4|{(u, v) ∈ V × V : uLv and uL
′v}|
n(n − 1) − 1,
and Spearman’s rho, defined by
ρ(L , L ′) = 1− 6
∑
V [r(v)− r ′(v)]2
n(n2 − 1) ,
where r(v) is the rank (1 or 2 or · · · or n) of v in L , and r ′(v) is the rank of v in L ′. We have
τ(L , L ′) = ρ(L , L) = 1⇔ L ′ = L
τ(L , L ′) = ρ(L , L ′) = −1⇔ L ′ is the inverse of L,
with τ and ρ strictly between −1 and 1 otherwise. It is often true that τ(L , L ′) 6= ρ(L , L ′),
but there are cases of −1 < τ(L , L ′) = ρ(L , L ′) < 1, and we focus on these here. Our
analysis is based on an implication of Proposition 10 in [4], written below as Lemma 1.1. We
recall that the comparability graph G(L ∩ L ′) of the partially ordered set (V, L ∩ L ′) is the
graph with vertex set V and edge set {{u, v} ⊆ V : u(L ∩ L ′)v or v(L ∩ L ′)u}.
LEMMA 1.1. τ(L , L ′) = ρ(L , L ′)⇔ G(L ∩ L ′) is a concordance graph.
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We refer to a concordance graph G ∈ C that is the comparability graph of the intersection
of linear orders L and L ′ on V as a proper concordance graph and let
P = {G ∈ C : G is proper}.
When G ∈ C \P , we say that G is an improper concordance graph. The minimum n for which
there exists an improper concordance graph is n = 5.
EXAMPLE 1.2. The five-cycle C5
α=β= 5
is a concordance graph, but it is improper because C5, like every cycle Cn for odd n ≥ 5, is
not a comparability graph. For 2 ≤ n ≤ 4, the only concordance graph with 0 < |E | < (n2) is
the four-path P4
1 4
α=β= 2
32
which is proper because it is the comparability graph of the intersection of L = 1324 and
L ′ = 3412.
The complement of G = (V, E) is Gc = (V, Ec), where Ec = {{u, v} ⊆ V : u 6= v and
{u, v} 6∈ E} with |E | + |Ec| = (n2). We say that G is self-complementary if G and Gc are
isomorphic, which is true of C5 and P4. Clearly, α(G) = β(Gc), so
α(G) = β(G)⇔ α(Gc) = β(Gc).
Moreover, if G is the comparability graph of (V, L ∩ L ′), then G is the comparability graph
of (V, L∗ ∩ L ′∗), where L∗ denotes the inverse of L , and Gc is the comparability graph of
(V, L∗ ∩ L ′) and (V, L ∩ L ′∗). Thus:
LEMMA 1.3. G ∈ C ⇔ Gc ∈ C. G ∈ P ⇔ Gc ∈ P .
Two other fundamental results for C and P are proved in the next section. The first replaces
α(G) = β(G) by an equation in the vertex degrees of G and the number of triangles in G
(induced K3’s) that is used in our subsequent analysis. The equation is
(n + 1)
∑
v∈V
dv + 12tG = 3
∑
v∈V
d2v , (1)
where dv = |{{u, v} ∈ E : u ∈ V }| is the degree of vertex v, and tG is the number of triangles
in G.
The other fundamental result, which follows easily from the dimensional analysis in [1] and
the characterization of comparability graphs in [2, 3], states that G ∈ C is proper if and only
if every odd cycle in Gc has a triangular chord.
Section 2 illustrates these results by identifying all G ∈ C \ P for n ≤ 7. Section 3 then
identifies all G ∈ P for n ≤ 7. The small-n results of these sections exhibit some patterns
but also have irregularities. For example, there are nine proper concordance graphs for n = 7
that have 0 < |E | ≤ 10, all have at least one triangle, and all but one have exactly nine edges.
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There are more proper concordance graphs for n = 5 than for n = 6; the number of (L , L ′)
that have τ = ρ for n = 5 is 24 when L is fixed at 12345, whereas the similar number for
n = 6 with L = 123456 is only 18. There are no improper concordance graphs for n = 6, but
there are 18 for n = 7, all of which have 9 or (72)− 9 = 12 edges.
Section 4 describes several infinite families in P , beginning with two triangle-free families
from [4]. We then describe an infinite subset of P for each tG ≥ 1.
Section 5 discusses regular graphs in C of degree d with 0 < d < (n2). The smallest example
is the five-cycle C5, where d = 2. We leave the question open as to whether there is any regular
proper concordance graph with 0 < d <
(
n
2
)
.
2. TWO BASIC THEOREMS
Hereafter, dv denotes the degree of vertex v in G = (V, E), and tG , or simply t , is the
number of induced K3’s in G.
THEOREM 2.1. G ∈ C if and only if (1) holds.
PROOF. Given G = (V, E) with n = |V |, m = |E | and t = tG , let t (v) be the number
of triangles in G that have v as one vertex, and let t{u, v} for {u, v} ∈ E be the number of
triangles in G that have {u, v} as one edge. Also let f {u, v} denote the number of vertices in
V \ {u, v} that have no edge to u or v. Then
α(G) =
∑
{u,v}∈E
f {u, v} =
∑
{u,v}∈E
(n − du − dv + t{u, v})
= mn −
∑
V
d2v + 3t
and
β(G) =
∑
V
[(
dv
2
)
− t (v)
]
=
∑
V
(
dv
2
)
− 3t,
so
α(G) = β(G)⇔ mn −
∑
d2v + 3t =
1
2
∑
d2v − m − 3t
⇔ (n + 1)
∑
dv + 12t = 3
∑
d2v . 2
We recall that a cycle in G of length p ≥ 3 is a vertex sequence v1 v2 · · · vp such that
{vi , vi+1} ∈ E for i = 1, . . . , p − 1 and {vp, v1} ∈ E . The cycle is odd (even) if p is odd
(even). The cycle has a triangular chord if E contains at least one of {v1, v3}, {v2, v4}, . . . ,
{vp−2, vp}, {vp−1, v1} and {vp, v2}.
THEOREM 2.2. G ∈ C is proper if and only if every odd cycle in Gc has a triangular chord.
PROOF. Suppose G ∈ C. By definition, G ∈ P if and only if G is the comparability graph
of a partially ordered set of dimension 1 (a linear order) or 2. By a result of [1], G ∈ P if and
only if Gc is a comparability graph. By the characterization in [2] or [3], Gc is a comparability
graph if and only if every odd cycle in Gc has a triangular chord. 2
We illustrate our basic results with comments on the following small-n corollary for im-
proper concordance graphs.
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FIGURE 1. Improper concordance graphs for n = 7.
COROLLARY 2.3. Suppose G ∈ C \ P and n ≤ 7. Then G is C5, one of the nine graphs
for n = 7 in Figure 1, or the complement of a graph in Figure 1.
Example 1.2 noted the result for C5. Because α = β, the graphs in Figure 1 are concordance
graphs, and it is not hard to show that they are improper. Each has |E | = 9 < 12
(7
2
)
, so each
complement has |E | = 12 and is an improper concordance graph by Lemma 1.3.
We comment briefly on the improper aspect of Figure 1’s graphs. Four of those graphs have
an induced C5, labeled 12345, so they are also improper because the complement of C5 is C5,
which has no triangular chord: see Theorem 2.2. The complement of the upper left graph has
the seven-cycle adbec f c with no triangular chord, and the complement of the second graph
in the upper row has the 15-cycle
a f c f e f gdgcgaead
with no triangular chord.
The criterion of Theorem 2.2 is sometimes hard to apply and it may be easier to verify the
non-existence of linear orders L and L ′ for comparability directly. We illustrate this for the
first graph in the lower row of Figure 1. A similar procedure can be used for others.
Suppose the first graph in the lower row is the comparability graph of ({a, b, . . . , g}, L∩L ′).
Assume without loss of generality that (L , L ′) includes (acbd, adbc) or (abcd, adcb) or
(abdc, acdb). The only feasible positions for e are
L : acbed abced abedc abdec
or or or
L ′ : aedbc aedcb acedb acdeb.
The first two cases are infeasible for g and the other two are infeasible for f . Hence, the noted
graph is improper.
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3. CONCORDANCE GRAPHS FOR n ≤ 7
We now give an account of C and P for n ≤ 7. The index I (G) of G ∈ P is defined as
the number of linear orders L ′ on V = {1, 2, . . . , n} such that, when L = 123 . . . n, G is the
comparability graph of (V, L ∩ L ′). We have I (G) = 1 for the edgeless G (L ′ = n . . . 21)
and the complete graph Kn (L ′ = 123 . . . n). Two other G ∈ P for n ≤ 7 have index 1. One
has n = 7, t = 1, and degree sequence (2, 2, 2, 2, 2, 4, 4) as shown in Figure 2. The other is
its complement. The indices of the other proper concordance graphs and their complements
for n ≤ 7 are 2, 4 and 8.
THEOREM 3.1. All G ∈ P with 2 ≤ n ≤ 7 and 0 < |E | ≤ 12
(
n
2
)
are shown in Figure 2
along with their indices.
Two graphs in Figure 2 are self-complementary with |E | = 12
(
n
2
)
. All others have |E | <
1
2
(
n
2
)
. Those for n = 6 have |E | = 6, and all but the first for n = 7 have |E | = 9. No G ∈ P
for n = 7 with |E | > 0 is triangle-free.
We have listed only the G ∈ P with |E | ≤ 12
(
n
2
)
for presentational simplicity. The com-
plement of each has the same index. When we add the complements of those that are not
self-complementary, and include the edgeless graph and Kn for each n, we obtain the follow-
ing numbers of L ′ for which τ(L , L ′) = ρ(L , L ′) when L = 123 . . . n:
n : 2 3 4 5 6 7
# L ′ : 2 2 4 24 18 80 .
The drop in # L ′ from n = 5 to n = 6 shows that it is not monotonic in n.
A proof of Theorem 3.1 can be based on Theorem 2.1, which also produces the members
of C \ P in Corollary 2.3. Because of Lemma 1.3 and the known properties of the edgeless
graph, it suffices to consider only graphs with 0 < |E | ≤ 12
(
n
2
)
. The following procedure has
been found to be useful for small n.
Step 1. Convert (1) to a linear Diophantine equation of the form
n−1∑
i=1
[(n + 1)i − 3i2]ci + 12t = 0 (2)
where ci is the number of vertices of degree i , with c0 + c1 + · · · + cn−1 = n. We require∑
ici/2 to be a positive integer that does not exceed 12
(
n
2
)
. The next three steps are performed
for each feasible t ∈ {0, 1, . . . , }.
Step 2. Determine the set S of all feasible c = (c0, c1, . . . , cn−1) that satisfy (2) for the
given n and t .
Step 3. For each c ∈ S, determine the set G(c) of all graphs on n vertices that produce c (or
have the corresponding degree sequence) and have exactly t triangles. (G(c) is often empty.
G is a concordance graph with t triangles on n vertices if and only if it is in some G(c).)
Step 4. For each G ∈ ∪SG(c), determine whether G is proper or improper. If it is proper,
determine I (G).
When this procedure is applied to n = 4, 5, 6, 7, it yields the noted results. We omit details.
4. INFINITE FAMILIES IN P
Although both P and C \ P exhibit certain regularities, we know of no criteria simpler
than those given earlier for characterizing these sets. There are, however, interesting infinite
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FIGURE 2. Proper concordance graphs, 0 < |E | ≤ 12
(n
2
)
.
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families of concordance graphs that are easily described. The main purpose of this section is
to note such a family in P for each t ∈ {0, 1, . . .}. The complements within each family also
form an infinite subset of P but have different t .
We begin with two families for t = 0 identified in [4, p. 286]. Let A0(p) for p ≥ 1 be the
bipartite graph with vertex set {a1, . . . , ap, b1, . . . , bp} and edge set {{ai , b j } : i ≥ j}. A0(p)
is the comparability graph of L ∩ L ′ with
L = a1 · · · apb1 · · · bp
L ′ = apbpap−1bp−1 · · · a1b1.
Its degree sequence is (1, 1, 2, 2, 3, 3, . . . , p, p), so
(n + 1)
∑
dv + 12t = (2p + 1)p(p + 1)
3
∑
d2v = 3[2p(p + 1)(2p + 1)/6] = (2p + 1)p(p + 1),
and (1) holds.
Next, let B0(p, q) for even p + q ≥ 2 be the bipartite graph with vertex set {a1, . . . , ap,
b1, . . . , bq , e1, . . . , er }, where r = (p + q − 2)/2, and edge set {{ai , b j } : i = 1, . . . , p; j =
1, . . . , q}. It is the comparability graph of L ∩ L ′ with
L = a1 · · · apb1 · · · bqe1 · · · er
L ′ = er · · · e1ap · · · a1bq · · · b1.
It has p vertices of degree q , q vertices of degree p, and r vertices of degree 0, so
(n + 1)
∑
dv + 12t = [3(p + q)/2]2pq = 3pq(p + q)
3
∑
d2r = 3(pq2 + qp2) = 3pq(p + q),
and (1) holds.
THEOREM 4.1. A0(p) ∈ P for p = 1, 2, . . ., and B0(p, q) ∈ P for non-negative integers
p and q with even p + q ≥ 2.
The graphs of Theorem 4.1 have t = 0. We now give a construction which shows for any
fixed t ≥ 1 that an infinite number of graphs in P have t triangles. Let Ct (p, q) be the graph
with vertex set V = {x, y, a1, . . . , ap, b1, . . . , bq , e1, . . . , et } and edge set
{{x, y}} ∪ {{x, ek} : k = 1, . . . , t} ∪ {{y, ek} : k = 1, . . . , t}
∪{{x, ai } : i = 1, . . . , p} ∪ {{y, b j } : j = 1, . . . , q}.
The t triangles in Ct (p, q) are {x, y, e1}, {x, y, e2}, . . . , {x, y, et }, and it is the comparability
graph of L ∩ L ′ with
L = xa1 · · · ape1 · · · et b1 · · · bq y
L ′ = bq · · · b1xet · · · e1 yap · · · a1.
An illustration of Ct (p, q) is given in Figure 3.
THEOREM 4.2. For every t ≥ 1, Ct (p, q) ∈ P for an infinite number of (p, q) ∈
{1, 2, . . .}2.
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FIGURE 3.
PROOF. Given t ≥ 1, n = p + q + t + 2,∑
dv = 2p + 2q + 4t + 2∑
d2v = p2 + q2 + (2t + 3)(p + q)+ (2t2 + 8t + 2).
Substitution in (1) shows that (1) holds if and only if
4pq = p2 + q2 + p + q + 2t (t − 1). (3)
This is clearly true when p = q = t . It is also true when (p, q) = (mi ,mi+1) for i =
0, 1, 2, . . ., where m0,m1,m2, . . . is an increasing sequence of positive integers that satisfies
the recursion
m0 = m1 = t
mi+2 = 4mi+1 − mi − 1 for i = 0, 1, . . . .
The recursion is verified by induction. Suppose that (3) holds when (p, q) = (mi ,mi+1).
Then it holds for (p, q) = (mi+1,mi+2) if and only if
4mi+1(4mi+1 − mi − 1) = m2i+1 + (4mi+1 − mi − 1)2
+mi+1 + (4mi+1 − mi − 1)+ 2t (t − 1),
which is true because it reduces to 4mi mi+1 = m2i +m2i+1+mi+mi+1+2t (t−1). Specifically,
the recursion gives m0 = m1 = t , m2 = 3t − 1, m3 = 11t − 5, m4 = 41t − 20, and so forth.
It follows from Theorem 2.1 and the preceding observation for L and L ′ that Ct (p, q) ∈ P
for an infinite number of (p, q) pairs. 2
There are other infinite subsets of P which have regular patterns for a fixed t . An example
for t = 2 is obtained from D2(p, q) in Figure 3, which is the comparability graph of L ∩ L ′
with
L = xa1 · · · ap yzwbq · · · b1
L ′ = yb1 · · · bq xzwap · · · a1.
The recursion that follows from (1), which has the form 4pq + 5p + 5q = p2 + q2 + 4, is
m0 = 0, m1 = 1
mi+2 = 4mi+1 − mi + 5 for i = 0, 1, . . . .
This gives m2 = 9, m3 = 40, m4 = 156, m5 = 589, and so forth, with D2(mi ,mi+1) ∈ P for
i = 0, 1, . . ..
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FIGURE 4. Graphs inR3 andR4.
5. REGULAR GRAPHS
Because regular graphs have been widely studied in a variety of settings, we consider them
in relation to concordance graphs. We recall that G is d-regular if dv = d for all v ∈ V , and
is regular if it is d-regular for some d . The edgeless and complete graphs are regular graphs
in P . To consider other regular concordance graphs, let
R = {G ∈ C : G is d-regular for some 0 < d < n − 1}
and letRd denote the set of d-regular graphs inR. We show below thatR is infinite but have
no example of a proper concordance graph inR, and conjecture that P ∩R = ∅.
When dv = d for all v, (1) is
nd(3d − 1− n) = 12t (4)
so that, given d , the possible values of n forRd lie in a subset of {d + 2, . . . , 3d − 1}. When
d = 1, (4) is n(2− n) = 12t , and it follows that R1 = ∅. When d = 2, (4) is n(5− n) = 6t ,
so n = 5 andR2 = {C5}. Other examples for small d are noted in the following lemma.
LEMMA 5.1. R3 consists of the two graphs in the upper row of Figure 4. R4 includes the
three graphs in the lower row of the figure. No graph of Figure 4 is in P .
PROOF. When d = 3, (4) is n2 − 8n + 4t = 0, so n = 4 ± 2√4− t and the only feasible
(t, n) for R3 is (0, 8): (t, n) = (4, 4) describes K4. There are precisely two triangle-free
3-regular graphs with eight vertices (we omit details), which are shown in the upper row of
Figure 4. The left graph has an induced C5, so it is not in P . When we try to specify L
and L ′ so that the right graph is the comparability graph of L ∩ L ′, we start with (128, 182)
and fit in 7 and 5 in the only feasible ways as (17258, 57182) and (71258, 51782). Vertex
4 cannot be feasibly placed in the first of these and is accommodated in the second only as
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(712584, 514782). Then however 3 cannot be feasibly placed, so the upper right graph of
Figure 4 is not in P .
When d = 4, (4) is n2− 11n+ 3t = 0, so n = [11±√121− 12t]/2 and the feasible (t, n)
forR4 are (10, 6) [(10, 5) gives K5], (8, 8), (6, 9) and (0, 11). No G realizes (t, n) = (10, 6)
with d = 4, and examples of 4-regular graphs for the other three are noted in the lower row
of Figure 4. We leave it to the reader to verify that none is in P . 2
The following result uses the fact that (4) requires n = 3d − 1 when t = 0 to show that
everyRd with d ≥ 2 is non-empty.
THEOREM 5.2. For every d ≥ 2, there is a G ∈ Rd with |V | = 3d − 1.
PROOF. Let n = 3d − 1. Suppose d is odd, so n is even. Let G be the bipartite graph with
V = {a1, . . . , an/2}∪{b1, . . . , bn/2} and edges between a1 and b1, b2, . . . , bd , between a2 and
b2, b3, . . . , bd+1, and so forth, where bn/2+i = bi . Suppose d is even, so n is odd. Place the n
vertices around a circle and for each vertex v let v have edges to the first, third, fifth, . . ., and
d − 1st vertices in both the clockwise and counterclockwise directions from v. Each vertex
has degree d . Because the vertices incident to v have odd numbers of vertices between them
in the arc that contains v, and there are no edges between those vertices, G is triangle-free.
The lower right graph of Figure 4 is an example. 2
6. OPEN PROBLEMS
The question of whether there is a graph in P ∩R is tantamount to the question of whether
there is a triple (d, t, n) that satisfies (4) with 1 ≤ d ≤ n − 2 and a d-regular graph G with
|V | = n and t triangles such that every odd cycle in Gc has a triangular chord. We know of
none.
Another interesting open problem is to determine the density of C or P or pairs (L , L ′)
that give τ(L , L ′) = ρ(L , L ′), among all possibilities, as a function of n. For example, with
L fixed at 123 · · · n, its seems likely that the proportion of the n! L ′ for which τ(L , L ′) =
ρ(L , L ′) goes to 0 (rapidly?) as n gets large, but we have no proof of this at the present time.
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